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^vj , Abstract. We give a two step method to study certain questions regarding 

associated graded module of a Cohen-Macaulay (CM) module M with respect 

to an m-primary ideal a in a complete Noetherian local ring {A,m). The first 

step, we call it Gorenstein approximation, enables us to reduce to the case 

when both A, Go (A) = ©„>o a"/a"'^^ are Gorenstein and M is a maximal 

CM j4-module. The second step consists of analyzing the classical filtration 

{HomA(M, a")}„gz of the dual Hom^(M, yl). We give many applications of 

this point of view. For instance let (A,m) be equicharacteristic & CM. Let 

. , a{Ga{A)) be the a-invariant of Ga{A). We prove; 

■^r ■ (1) a{Ga{A)) = — dim A if and only if a is generated by a regular sequence. 

(2) If o is integrally closed and a{Ga (A)) = — dim A + 1 then a has minimal 

multiplicity. 

C^ , We give an example of a non-CM local ring (R, n) with a{Gn (R)) = — dim ^• 

We extend to modules a result of Ooishi relating symmetry of h-vectors. 
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Introduction 

Let {A, m) be a Noetherian local ring of dimension d, o an m-primary ideal in 
A and let M be a Cohen-Macaulay (CM) module of dimension r. Set Ga{A) ~ 
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®n>o i"/'^"^^; the associated graded ring of A with respect to a and let Ga{M) = 
®n>o <^^^ M / a"^^ AI be the associated graded module of M with respect to a. 

In this paper we give a two step method to study certain questions regard- 
ing Ga{M) when A is complete. Surprisingly this is also useful in the case of 
Af = A. We call the first step Gorenstein approximation. This step enables us 
to reduce to the case when A, Ga{A) are Gorenstein and M is a maximal Cohen- 
Macaulay (MCM) A-module. This reduction surprised a few and attracted some 
skepticism. Nevertheless it is true. The second step consists in studying the fil- 
tration {Homn(Af, a")}„gz of the dual Hom^(Af, A). This filtration is classical cf. 
[22l p. 12]. However it has not been used before in the study of blow-up algebra's 
(modules) of Cohen-Macaulay rings (modules) . 

We begin by a general definition of our notion of approximation. Let T' be a 
property of Noetherian rings. For instance V = regular, complete intersection (CI), 
Gorenstein, Cohen-Macaulay etc. 

Definition 1. Let {A,m) be a Noetherian local ring and let o be a proper ideal in 
A. We say A admits a V -approximation with respect to a if there exists a local ring 
{B, n), an ideal b of i? and ip: B ^ A, a. local ring homomorphism with i/j{b)A = a 
such that the following three properties hold: 

(1) A is a finitely generated B module ( via ip). 

(2) dimA = dimS. 

(3) B and Gb{B) have property V. 

If the above conditions hold we say [B, n, b, ip] is a V- approximation of [A, m, a]. 

Remark 2. • Regular approximations seems to be rare while Cohen-Macaulay 

approximations don't seem to have many applications. 

• For applications we will often insist that ip^ b satisfy some additional properties. 

When A is complete we prove the following general result (see I10.3p . Let 5(a) 
denote the analytic spread of o, see 11.81 

Theorem 3. Let (A, m) be a complete Noetherian local ring and let a be a proper 
in A such that s(o) + dim A/a = dim A. Then A admits a CT approximation with 
respect to a. 

Notice the hypothesis of Theorem[3]is satisfied if a is m-primary. Another signifi- 
cant case when Theorem [3] holds is when A is equidimensional and a is equimultiple; 
see [6l 2.6]. For definition of an equimultiple ideal see 11.81 



Remark 4. • All the examples of rings and ideals in this paper have CI (and 
so Gorenstein) approximation. However I have only used the Gorenstein 
property of B, G^,{B) for appUcations. I have been unable to use the fact that 
B, Gt,{B) are CI and not just Gorenstein. 

• However the author believes that in the case of ideals having non-zero analytic 
deviation (see ll.8p . it may not be possible to get CI- approximation. We might have 
to settle for only Gorenstein approximation. 

The proof of Theorem [3] is fairly involved. The entire section [TU] is devoted for a 
proof of it. The following two special cases are easy to prove. 

(1) Let {A, m) be a quotient of a regular local ring. Then [A, m, m] admits a CI 
approximation [B,n,n,(j)] with (/)-onto. (see l2.5p . 
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(2) Let {A, m) be a complete equicharacteristic local ring and let a be an m- 

primary ideal. Then [A, m, o] admits a CI approximation [B,n,b,(j)\ with 

b = n and B/n = A/ra and /z(n) = a<(o). (see l2.6p . 

Before proceeding further we need some notation. Set a" = ^ for n < 0. Let 

3?n(A) = ®„g^ a"i" be the extended Rees-algebra of A with respect to a. We 

consider 3i„(A) as a subring of A[t,t-^]. Set TZ{a,M) = 0„g2 a"Mi" Clearly 

TZ{a,M) is a finitely generated IRa(^)-inodule respectively. 

Definition 5. By the dual filtration of M* = Homyi(Af, ^) with respect to a we 
mean the filtration {Homyi(M, a")}„gz. 

We study the dual filtration in detail when {A, m) is Gorenstein, a is m-primary, 
M is MCM and Ga{A) is Gorenstein. Let J = {Hom^(M, o")}„6z be the dual 
filtration of M* with respect to a. We prove that if Ga{M) is CM then 

GiJ,M*)= *HomG„(^)(Ga(M),G„(A)); seeEH 

Even when Ga{M) is not Cohen-Macaulay we find the following relation: Set 
reda(j4) = reduction number of A with respect to a (see ll.lO() . a{Ga{M)) = the 
a- invariant of Ga{M) fsee ll.Qp . and let 

aa{M) = min{n | G(J, M*)„ ^ 0}. 

We prove 

a{Ga{M)) > red„(A) - a„(Af) - dim A (see EH). 

Applications 

I. a-invariant of associated graded rings of m-primary ideals 

Let a be an m-primary ideal in a Noetherian local ring {A, m) . It is easy to see 
that a{Ga{A)) > — dim A. We prove that if A is Cohen-Macaulay then 

a(Gm(^)) = — dimA if and only if yl is regular (see 16.11) . 

See l6.2l for an example of a non- Cohen-Macaulay ring A with a{Gm{A)) = — dim A. 
For arbitrary m-primary ideals in a Cohen-Macaulay local ring we unfortunately 
have to assume that A is equicharacteristic. In this case we prove that 

a{Ga{A)) — — dim A <=^ a is generated by a regular sequence fsee l6.3p . 

Next we try to classify ideals such that a{Ga{A)) — —dim A + 1. When A is an 
equicharacteristic Cohen-Macaulay local ring and a is integrally closed we prove 

a{Ga{A)) = — dimy4 + 1 <==^ o has minimal multiplicity (see l6.4p . 

The result above need not hold if a is not integrally closed (see l6.6p . When dim A = 
2 we have been able to characterize m-primary ideals a (not necessarily integrally 
closed) with a{Ga{A)) < -1. 

II. Symmetric h-vectors. 

Let R = 0„>o Rn be a standard graded algebra over a field. For definition of 
hii{z)\ the /i-polynomial of R see ll.lll If R is Gorenstein then hi^{z) is symmetric 
cf. [H 4.4.6]. The converse need not hold even if R is Cohen-Macaulay cf. [21 
4.4.7(b)]. A celebrated theorem due to Stanley asserts that if R is Cohen-Macaulay 
domain and hR{z) is symmetric then R is Gorenstein ([24l 4.4]). 

If i? = Ga{A) the associated graded ring of an m-primary ideal then Ooishi, 
[l6l 1.6], proves that if A is Gorenstein, Ga{A) is Cohen-Macaulay and ha{z) is 
symmetric then Ga{A) is Gorenstein. We generahze Ooishi's result as follows: 
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Let {A,m) be CM with a canonical module oja- Let a be an m-primary ideal 
and let M be a CM A-module. Set Aft = llomAiM,ujA), r = red(a, M) and 
c{M) = dimA - dim A/. Assume G„{A), G„{M) and Ga{M^) are CM. Let Qa be 
the canonical module of Ga (A) . We prove (see Theorem I8.6P 

KiM\z) ^ z''h{M,z~^) ^=^ G„{Al'') ^ *ExtG__(^)(Ga(Af),f7a) (up to a shift). 

The implication (<^) follows from 2, 4.4.5]. The assertion ^ is new and generalizes 
Ooishi's result. 

In section |9] we use of a MCM module M to show that the dual filtration of a 
MCM module M with respect to m, over a Gorenstein local ring A with Gm{A) 
Gorenstein, is a shift of the usual m-adic filtration in the following cases. 

(1) M is Ulrich (i.e., deghniz) = 0; equivalently e(M) = ^^(Af)). 

(2) type(M) = e(M) — fJ.{M) and M has minimal multiplicity. 

III. m-primary ideals a with /i(o) = dimA + 1 

Using Gorenstein approximation of [A, m, a] when A is complete and the structure 
of dual filtration of MCM modules over a hypersurface ring we prove (see l7.17|) : 

Suppose {A, m) is an equicharacteristic Gorenstein local ring of dimension d > 
and a is an m-primary ideal of A with fj.{a) = d + 1. Then 

Ga{A) is Gorenstein if and only if ha{z) = £{A/a){l + z + . . . + z*) for some s > 1. 

Here i{—) denotes length. The surprising thing is: ha{z) determines that Ga{A) is 
Gorenstein without a priori assuming Ga{A) is CM. 

IV. Associated graded modules of the canonical module 

Let {A,m) be CM local ring with a canonical module uja- Let a be an m-primary 
ideal such that Ga{A) is CM. Let fta be the canonical module of Ga{A). A natural 
question is when is Ga{i^A) isomorphic to fla up to a shift? Set r = red(a, A). 
Ooishi proves that if Gm{A) is CM then Gm(wA) — ^m (up to a shift) if and only if 
G„{uja) is CM and h{ujA,z) = z'^h{A,z-^); see [TSl 3.5]. 

The hypothesis Ga{(^A) is CM is difficult to verify. So there is a need to bypass 
this assumption. We first consider the case when /i(a) ^ d + 1. We prove 

GaiiOA) = ^a (up to a shift) 4=^/ic(A,z) ^£{A/a){l + z + ... + z''); see OS- 

The assumption Ga{uJA) is CM holds automatically if dimA = 0. Surprisingly 
the following general result holds: Let x^ . . . ,Xdhe a maximal A-superficial sequence 
with respect to a. Set B = A/{x) and b = ci/(x). We prove (see l9.6p . 

li h{u!B, z) — z^h{B, z^^) then Ga(w^) = iln up to a shift. 

This result is quite practical. Using COCOA [3, & MACAULAY |5j, we can deter- 
mine whether GaitOA) — ^a up to a shift. See Example 19.71 Another application 
of iH (seeing is: If red(A) = 2 then 

Gm(wyi) — ^m(up to a shift) if and only if type(A) = eo{A) — hi{A) — 1. 
Ooishi derives the same result essentially assuming Gm(wyi) is CM, see [TSl 4.4]. 

V. Lengths of duals of associated graded modules over Gorenstein Artin local rings. 
Let {A, m) be a Gorenstein Artin local ring, o an ideal in A and let M be a 

finitely generated A-module. Set G = GaiA) and G{M) = Ga(Af). We prove 



£g {G{M)) < £g ( *HomG(G(A//),G) 



This is surprising since Ga{A) need not be Gorenstein. 

VI. Generalization of some results from CM rings to CM modules. 
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Let {A, m) be CM local ring of dimension d with infinite residue field and let a be 
an m-primary ideal. Let c be a minimal reduction of a. Set S = J2n>o ^(fl"^^/co"). 
Then for < i5 < 2 one has depthG'a(A) > d — 5. This is due to Valabrega and 
Valla [26! 2.3] (for 5 = 0), Guerrieri ^ 3.2] (for (5=1) and Wang [27l 2.6,3.1] (for 
6 = 2). 

We extend these results to CM modules. Using Gorenstein approximation we 
prove it by reducing it to the case of rings, see 14. II 
VII. Relation between e^{M),e^{M) and veg^ {G a{M)) . 

Let M be a CM A module of dimension > 2. Let a be an m-primary ideal. For 
i > let ef (M ) be the Hilbert-coefficients of M with respect to a. Let reg^(Go(M)) 
denote regularity of Ga{M) at and above level 2, see ll.9.11 We prove 

^i|^ <reg2(G.(M)) seeiH 

Some Suggestions to the Reader: 

Gentle reader this paper is quite long. Fortunately some sections can be read 
independently of the others. You should first read the introduction and determine 
which results you would like to read. 

In section [5] we prove the result for Gorenstein approximations when a = m and 
A is a quotient of a regular local ring. We also prove it when A is complete, a is 
m-primary and contains a field. These results are suprising. I think its best if you 
read this section first. 

If you only want to read about Gorenstein approximations then you should read 
section fTOl where we prove the result for equimultiple ideals in general. This section 
is quite hard. Even though in applications we are interested only in the m-primary 
case, the more general case of equimultiple ideals clarifies the issues involved. 

If you are interested only in applications then perhaps you should first assume 
results of section (TO] This section should only be read after you have finished 
reading proof of the application. 

For applications VI, VII you should read section [H These applications are of 
Gorenstein approximations only and don't involve dual filtrations. 

For all other applications one first needs to read section [3] on dual filtrations. 
Furthermore application V is proved in this section. If you are interested in Appli- 
cation I then you should also read sections \5\ and [6l 

For all other applications one needs to know behavior of dual filtrations with 
respect to superficial sequences. This is done in section [TTJ This is quite hard and 
perhaps one should first blindly assume it and then read the applications. 

If you are interested in application II then you have to read section [S] If you 
are interested in application III then you have to read section [T] Application IV 
is an application of application II and it is done in section [9l 

Thus sections IIOIIII should be read last. Needless to say you should browse 
through section [1] for notation and some preliminaries. 

1. Notation and Preliminaries 

In this paper all rings are commutative Noetherian and all modules are assumed 
to be finitely generated. Recall an a-filtration S = {M„}^g2 on M is a collection 
of submodules of M with the properties 

(1) M„ D Af„+i for aU n £ Z. 
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(2) Mn^ M for all n < 0. 

(3) oM„ C Mn+i for all n e Z. 

If aMn = Mn+i for all n ;» then we say S is a-stable. We usually set S„ = M„ 
for all n e Z. 

1.1. Let S — {M„}^g2 be an a-filtration on M and let A^ be a submodule of M. 
By the quotient filtration on M/N we mean the filtration S = {(A'/„ + N)/N}nez- 
If S is an a-stable filtration on M then 9 is an o-stable filtration on M/N. Usually 
for us A^ = xM for some x = xi, . . . , a:;s G a. 

1.2. If g = {M„}„ez is an a stable fihration on M then set 3^(3, M) = 0„gx M„i" 
the extended Rees-module of M mt/i respect to g. Notice that 3^(5', M) is a 
finitely generated graded IR|j(A)-module. If S is the usual a-adic filtration then 
set3^(a,M) =3^(g,M). 

Set G(S,M) = ^^^^ Mn/Mn+i, the associated graded module of M wit/i re- 
spect to S. Notice 0(3, M) is a finitely generated graded module over Ga{A). 
Furthermore :R{9, M)/t'^:R{S, M) = G{9,M). 

1.3. Let S = {Mn\nex ^"6 an a-filtration on M and let s G Z. By the s-th shift of 
S, denoted by ${s) we mean the filtration {9(s)n}„gz where S(s)n = Sn+s- Clearly 

G(g(s), Af ) - G(g, M)(s) and 7e(S(s), M) - 7^(g, M)(s). 

1.4. All filtration's in this paper S ~ {M„}„gz will be separated i.e., C\nei,^n ~ 
{0}. This is automatic if A is local, a ^ A and S is a-stable. If m is a non-zero 
element of M and if j is the largest integer such that m G Mj, then we let TOq 
denote the image of m in Ai^ \ Mj+i and we call it the initial form of ?Ti with 
respect to S- If S is clear from the context then we drop the subscript S. 

The following result is well-known and easy to prove. 

Proposition 1.5. Let (A, m) be a local ring, a an m-primary ideal and let M be 
an A-module. Let J be an a-stable filtration of M with respect to a. The following 
conditions are equivalent: 

(i) G( J, M) ^ G(Af) up to a shift. 

(ii) 5" is the a-adic filtration up to a shift. D 

1.6. Flat Base Change: In our paper we do many flat changes of rings. The 
general set up we consider is as follows: 

Let (f)-. (j4,m) — > (A',m') be a flat local ring homomorphism with mA' — m'. Set 
a' = aA' and if A^ is an A-module set N' ^ N ® A'. Set k = A/m and k' = A'/m'. 

Properties preserved during our flat base-changes: 

(1) iA{N) = eA'{N'). So Ha{M,n) = Ha'{M',n) for aU n > 0. 

(2) dimM = dim M' and grade(iir, M) = grade(XA', M') for any ideal K of A. 

(3) depth Ga(M) = depth Ga'(M'). 

(4) For each i > we have Torf (fe,A:) ®a A' ^ Torf {k',k'). In particular A is 
regular local if and only if A' is. 

Specific flat Base-changes: 

(a) A' = A[X]s where S = A[X] \ mA[X]. The maximal ideal of A' is n = mA'. 
The residue field of A' is k' — k{X). Notice that k' is infinite. 

(b) A' = A the completion of A with respect to the maximal ideal. 

(c) Applying (a) and (b) successively ensures that A' is complete with k' infinite. 
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1.7. For definition and basic properties of superficial sequences see \Tf\ p. 86-87]. 

1.8. Tire /i6er cone of a is tlie fc-algebraF(a) = 0„>o o"/ma". Sets(a) = dimF(a), 
the analytic spread of a. Recall dim A > s(a) > hto. We say a is equimultiple if 
s(a) = ht a. Clearly m-primary ideals are equimultiple. The number s(a) — ht a is 
called the analytic deviation of a. 

1.9. Assume o is m-primary and dimM = r. Then H^ ,^s {Ga{M)) = for i > r. 
Recall that the a-invariant of Ga{M) is 

a{Ga{M)) = max{n | i/£^(^)^(G„(Af))„ ^ 0}. 

For i > set a^{M) = max{ri | H'g^(A)+ (Ga(Af))„ ^ 0}. The regularity ofG^iM) 

at and above level r, denoted by reg''(Go(Af )), is 

(1.9.1) reg''(Ga(Af)) = maxK(Af) +i\r<i<r}. 

1.10. We assume k = A/m is infinite. Let c = (cci, . . . , xi) be a minimal reduction 
of a with respect to M. We denote by rede (a, M) := min{n | ca"M = a""'"^M} the 
reduction number of a with respect to c and M. Let 

red(o, M) ~ min{redc(a, AI) | c is a minimal reduction of o} 

be the reduction number of AI with respect to a. Set reda(A) = red(a, A). 

1.11. Let R = 0„>o-Rn be a standard algebra over an Artin local ring (i?o,tno) 
i.e., there exists Xi,. . .Xs G i?i such that R = Ro[xi, . . . ,Xs]- Let M = 0„g2 Af„ 
be an i?-module. By Hilbert-Serre theorem 

H{A^I,z) = ^^K„(M„)z" = ^^'II^Lm liere /im(^) e Z[z,z-^] & hR{l) ^ 0. 

We call Hm{z) the Hilbert series of AI and 

hjiiiz) = h^pZ^^ + . . . + h^iz^ + Hq + hiz + . . . hsz'^ (with hg j^ and /i_p 7^ 0) 

the h-polynomial of A/. Notice hnj{z) G Z[z] if and only if A/„ = for all n < 0. 

1.12. We say hM{z) is symmetric if /ig^i = h^p^i for i = 0, 1, . . . , s +p. 

1.13. Let R, AI, hM{z) be as in ll.lll We also assume that Afn = for n < 0. If / 
is a polynomial we use /^'^ to denote the i-th formal derivative of /. The integers 
ei{AI) = hll /i\ for all z > are called the Hilbert coefficients of AI. The number 
eo(Af ) is also called the multiplicity of AI. 

1.14. Let (A,Tn) be a local ring, a an m-primary ideal and let AI be an A-module. 
Set Ha{AI,z) == H{Ga{z),z) and /ia(A/,z) = hG,(M){z)- For z > set e°(Af) = 
ei{Ga{AI)). If = m we usually drop the "label" m and write h{AI, z) = hm{A, z), 
ej(Af) = ef (Af) and red(A) = red(m, A). 

2. CI-Approximation: Some special cases 

In this section we prove that if (A, m) is a quotient of a regular local ring then 
[A, m, m] has a Cl-approximation [i3,n, n, 0] with onto. In Theorem 12.31 we state 
our main result regarding Cl-approximations. This will be proved in section 10. 
Finally in Theorem 12.61 we prove a result regarding Cl-approximation of an m- 
primary ideal a in a complete equicharacteristic local ring (yl,m). The following 
Lemma regarding annihilators is crucial. 
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Lemma 2.1. Let M he an A-module and let a be an ideal. Set G = Ga{A). Suppose 
there exists S,i, ■ ■ ■ ,S,s G o such that ^* G annc G'a(M) for each i. Also assume that 
^jf, . . . , ^* is a G-regular sequence. Then there exists ui, . . . , Ug G a such that 

(1) ui, . . . , Us is an A-regular sequence. 

(2) Ui G annAf for each i = 1, . . . , s. 

(3) For each i G {1, . . . , s} there exists n^ > 1 such that u* — (^j*)""' • 

(4) ul,...,u* e annc G/(M). 

(5) ul, . . . ,u* is a G-regular sequence. 

Proof. Suppose we have constructed ui, . . . ,Us satisfying (2) and (3) then ui, . . . ,Us 
satisfy all the remaining properties. This can be seen as follows: 

(4) follows from (3); since ^* G annc Ga{M) for each i. 

(1) and (5). As ^J', . . . , ^* is a G-regular sequence we also get (^1)"^ , . . . , (C)"° is 
a G-regular sequence [TTl 16.1]. Thus wj, . . . , m* is a G-regular sequence. It follows 
from [26l 2.4] that ui, . . . ,Us is an A-regular sequence. Thus it suffices to show 
there exists ui, . . . ,Us satisfying (2) and (3). 

Fix i G {l,...,s}. Set ^ = ^i. Say ^ G a*" \ 0*"+^ for some r > 1. Since 
^* G anuG Ga(M) we have ^M C a^+^M. Set q ~ a'"+^ By the determinant trick, 
[TTl 2.1], there exists a monic polynomial f{X) G A[X] such that 

/(X) = X" + aiX""^ + . .. + a„_iX -t-a„ with a,j G q\ for i = 1, . . . n 

and u = /(C) = C + aiC^^ + .■■ + On-iC + an e annA/. 

As £,* is G-regular we have C" G a"'' \ a"''^^. However for each z > 1 we have 

Thus u* — (C")* = (C)" (since C* is G-regular). Set u^ = u and n^ = n. D 

The following Corollary is useful. 

Corollary 2.2. Let {A,m) be Cohen- Macaulay local ring, a an m-primary ideal 
and let M be an A-module. Set c = dim A — diniAf . Lf Ga{A) is Cohen- Macaulay 
then there exists ui, . . . , Mc S a such that 

(1) Ui , . . . , Uc S ann^ M . 

(2) ut,...,<G annG„(^) G„(M). 

(3) ui, . . . ,Uc is an A-regular sequence. 

(4) u^, . . . , u* is a Ga{ A) -regular sequence. 

(5) uit, . . . , Uct G annj)^(^) TZ{M). 

(6) uit, . . . , Uct is a 5laiA) -regular sequence. 

Proof. Since Ga{A) is Cohen-Macaulay, we have that 
grade annG_^(^) Ga(Af) = htanngj^) Ga(M) 

= dim Ga (A) - dim Ga(M), since G„(A) is *-local 
= dim A — dim M. 



Therefore (1), (2), (3) and (4) follow from Lemma [271] The assertion (5) is clear. 

(6). Since t^^ is 3?a (^)-regular and <,...,«* is Ga(A) = 3?a(A)/i-i3?„(A)- 
regular sequence it follows that t~-^, uit, . . . , Uct is a 3?a (^)-regular sequence. Notice 
3?a(^) is a *-local. It follows that uit, . . . , Uct is a 3^a ( A)-regular sequence. D 

We state our general result regarding CI- Approximations 
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Theorem 2.3. Let {A, m) be a complete local ring and let a be a proper ideal in A 
with dim A/a + s(a) = dim A. Then A has a CI- approximation with respect to a. 
Furthermore if a = (xi, . . . , Xm) then we may choose a CTapproximation [B, n, b, Lp] 
of [A, m, a] such that there exists ui, . . . , Um G b with (p{ui) = Xi for i = 1, . . . ,m. 



Theorem 12.31 is proved in section 10. 

Remark 2.4. The hypothesis of the theorem holds when a is m-primary. It is also 
satisfied when a is equimultiple and A is equidimensional p!3l 34.5]. Our hypothesis 
ensures that Ga{A) has a homogeneous system of parameters, [SI 2.6]. 

For the case when a = m and A is a quotient of a regular local ring T we have: 

Theorem 2.5. Let {A, m) be a local ring such that A is a quotient of a regular local 
ring (T, t). Then [A, m,m] has a CI- approximation [_B,n, n, 0] with (j)-onto. 

Proof. Set k = A/m — T/i. Let ijj: T ^r Ahe the quotient map. We consider A as 
a T-module. So G^ (A) = d [A) . Set c = dim T - dim A = dim d (T) - dim G^ {A) . 
Its well-known Gi(T) = k[Xi, . . . ,X„]; where n — diniT. In particular Gi{T) is 
Cohen-Macaulay. Let ui, . . .Uc be as in Corollary 12. 21 

Set {B, n) = (r/(u), t/(u)) and let cj): B -^ Ahe the map induced by ip. So is 
onto. Clearly [_B,n, n, 0] is a Cl-approximation of [j4,m, m]. D 

For m-primary ideals in a complete equicharacteristic complete local ring we prove: 

Theorem 2.6. Let {A,m) be a complete equicharacteristic local ring and let a be 
an m-primary ideal. Then [A, m, o] has a CTapproximation [_B,n, b,(/>] with b ~ n 
and B/n = A/m and fi{n) = /i(a). 

Proof. A contains its residue field k — A/m.; see [TTl 28.3]. Let a = {xi, . . . , x„). 
Set S = k[\Xi, . . . Xn\] and let tp : S —^ A he the natural map which sends Xi to Xi 
for each i. Since A/(X)A = A/ a has finite length (as an 5- module) it follows that 
A is a finitely generated as an S-module, see [TTJ 8.4]. Set ry = {Xi, . . . Xn). Notice 
ip{ri) = a and G,-i{S) = k[X*, . . . X*] the polynomial ring in n-variables. 

If diniA = dimS" then set [B,n, b,4>] = [5, 77,77, f/;]. Otherwise set c = dimS" — 
dim A = dimG,i(S') — dim Ga{A). Let ui,. ..Uc be as in Corollarv 12.21 Set B = 
S/{u), n = 77/(u) and b = n. Clearly Gn{B) = G^{S)/{u*) is CI. The map 7/; 
induces <j) : B ^' A. It can be easily checked that [B, n, n, (j)] is a Cl-approximation 
of [A, m, a]. Finally by our construction its clear that /z(n) = ^(a). D 

3. A CLASSICAL FILTRATION OF THE DUAL 

Let M be an A-module. The following filtration of the dual of M , i.e, M* = 
RomA{M,A) is classical cf. 22, p. 12]. Set 

M* = {/ e M* I f{M) C a"} - Hom^(M, a"). 

It is easily verified that 3^m = {-^nlnez is an a-stable filtration on M*. Set 
7^ = 7e(a) = 0„g2; a"i" and 7^(M) = 7^(o, M) = ^,^^^ a"Mt". Let / e M*. We 

show that / induces a homogeneous IZ-linear map f of degree n from TZ{M) to TZ; 
(see l3.2p . Theorem 13.41 shows that ^m is a 7?,-linear isomorphism. 

*A/: 7^(?',M*) — > *Hom7^(7^(Af),7^) 
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It is easily seen, see 13.51 that ^m induces a natural map 

$m: G{3^,M*) —> *RomG^(A){Ga{M),G,{A)). 

We prove $a/ is injective and as a consequence deduce application V as stated in 
the introduction. In Corollary 13.81 we give a sufficient condition for (f>M to be an 
isomorphism. 

The following result is well-known. 

Proposition 3.1. Let (^,m) be local, a an ideal in A and let M an A-module. 
Then a Hom^ (Af , a") = Hom^ (M, 0"+^ ) for alln:$>0. D 

3.2. Let / e M*. 

Claim: / induces a homogeneous 72.-linear map / of degree n from TZ{M) to 7^. 

Since f{M) C a", for each j > we have f{a^M) C a""*"^. Furthermore for j < 
as o-'M = M and notice that /(A/) C a" C a"+^ . Thus 

(*) /(a^M) C a"+^' for each j e Z. 

This enables us to define 

/: n{M) — yU 

Next we prove that / is 7?.-linear. Clearly / is A-linear. Notice 

/ {{x,t') . (m,f )) = /(x,m,f +■'■) = f{xjm,)f+^+'' = x^t' f{m,)f+'' 
(xjt^) . /(m,f ) = Xjt^fim,)f+". 
Thus / is 7?.-linear. 

3.3. We define a map 

'^M-n{3',M*) — > *Hom7^(7^(Af),7^) 

Theorem 3.4. ^a/; TZ{3',M*) — >* lioniji{TZ{AI),TZ) is aTZ-linear isomorphism. 

Proof. If a e a^ and / G A^* then a/ e M*_^j. Check that (ai*) • / = af. Thus 
^M is 7?.-lincar. Clearly if / = then / = 0. Thus 'I'm is injective. 

We show "iiM is surjective. Let ,g e IIom7j(7?.(Af),7^)„. We write 5 as 

For each j G Z the map (7j : a-'Af ^ a"+-' is A- linear. Define f — i o go where 
i: a" ^ A is the inclusion map. Clearly / G Af*. 

Claim: f ~ g. 

Let rrijP G o-'Af . 

Case 1. j = 0. 

Set m — rriQ. Notice 

g{mt°) = 5o(m)r = /(mt"). 
The last equality above holds since / is 7^-linear. 
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In the next two cases we use Case 1 and the fact that f is TZ-linear. 
Case 2. j < 0. 
Notice mjP = P • mji". So 

g{mjP) = P • girrijt") = P • /(TOjt°) = f{mjP). 

Case 3. j > 0. 

Set rrij = X]i=i ''^ji"-; where Uj/ G a^ and ni e M. Fix I. Notice 

Ujinit^ = Ujif •nif. 

Therefore for / = 1, . . . , s, 

g{ujinit') = Ujit^ • g{nit°) = Ujit' • f{nit^) = f{ujinit^). 

Note the last equahty above is since / is 7?.-hnear. So we have 

(s \ s s 

'^Ujini =^g{ujini) ^^fiu-jm) = f{mjP). 
1=1 / 1=1 1=1 

Again the last equality above holds since / is 7?.-linear. D 

Observation 3.5. / G M* induces /: TZ{M) -^ TZ which is homogeneous of degree 
n. So / induces a map /: Ga{M) -^ Ga{A) which is also homogeneous of degree 
n. Clearly / = if and only if / G l^ln+i- ^^ we have 

$A./: G{J,M*) -^ *HomG„(^)(Ga(M),G„(A)) 

/+m:+i--/. 

Clearly $j\/ = *m — y^. 
Corollary 3.6. Set G — Ga{A). There is an exact sequence 

— >G{3',M*)^^ *HomG(Gc,(A/),G) — > *Ext^(7^(Af),7^)(+l) 

Proof. The map ^ 7?.(+l) > TZ ^> G ^ induces the exact sequence 

— > *Hom7^(7^(Af),7^)(+l) -^ *Hom7^(7^(Af),7^) — > *Hom7^(7^(A/), G) 

-^ *Ext^(7^(Af),7^)(+l) 

Note that *Hom7j(7e(Af),G) ^ *HomG(G„(A4^), G). The result follows by using 
Theorem 13.41 and Observation 13.51 D 



A consequence of Corollarv l3.6l is Application V. 

Corollary 3.7. Let {A,xn) be a Artin Gorenstein local ring, a a proper ideal in A 
and let M be a finitely generated A-module. Then 



i{G,{M))<l[^ HomG„(A)(G„(A/),G„(A)); 

Proof. Set G = Ga{A) and G(A/) == Gc(Af). Notice that 
£(G„(A//)) = eo(Ga(Af))=^(A/) 
1{G^{M*)) = eo(G„(Af *)) = i{M*). 
Since A is self-injective, i{M) = (.{M*). The resuh follows from EH D 
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Another important consequence of Corollary 13. 61 is the following: 

Corollary 3.8. Let (^, tn) be a Gorenstein local ring and let a be an ideal such 
that Ga{A) is Gorenstein. Let M be a maximal Cohen- Macaulay A-module with 
Ga{M)- Cohen- Macaulay. Then 

G{7,M*) = *HomG„(A)(Ga(Af),G„(A)). 

Proof. Notice TZ is also a Gorenstein ring and TZ{M) is maximal Cohen-Macaulay. 
It follows that *Ext^(7^(Af),7^) = 0. The resuh follows from Corollary[3ll D 

3.9. In the theory of Hilbert functions over local rings the notion of superficial 
elements plays an important role. In our case, first we assume for convenience that 
{A,m) is also Gorenstein and M is a MCM A-module. Let x = xi, . . . , a;^ be a 
M0 A superficial sequence. Set B = A/(x), b = o/(X), N = Af/xA/ and 

Jm = {Hom^(Af, a")}„g^ and Jat = {HoniB(Af, n")}„g^ . 

We may ask when does 

We prove 

Theorem 3.10. [with hypothesis as in \3.9^ Lf Ga{A) is Gorenstein and Ga(M) is 
Cohen-Macaulay then \3.9~l\ holds. 

See Theorem 111 .Sf 2) for a proof of Theorem 13. 101 

4. Some preliminary applications of Gorenstein approximation 

In this section we give give Applications VI and VII as stated in the introduc- 
tion. First we generalize to modules some results of Valabrega and Valla [26l 2.3], 
Guerrieri [7l 3.2] and Wang [27l 2.6,3.1]. Next we show that if dimM = 2 and a an 
ideal of definition for M, then e?(Af) < eg(Af)(a2(Go(Af )) -I- 2). Even in the case 
of rings this is new. 

Theorem 4.1. [Appl. VI ] Let (^,m) be a local ring with infinite residue field, 
M a Cohen-Macaulay A-module of dimension r and a an ideal of definition for M. 
Let c = (xi, . . . Xr) be a minimal reduction of a with respect to M . Set 

^^ \ ca"M 

7/(5 = 0,1,2 t/iendepthG„(A/) >d-S. 

Proof. We may go mod ann M. Thus we may assume dim M = dim A and a is 
m-primary. Since Af is a faithful A-module it can be easily checked that c is a 
minimal reduction of a with respect to A. Our hypothesis nor conclusion change 
under completion so we may assume A is complete. 

Let [B,n,b,(f] be a Gorenstein approximation of [A, m, a]. We do base change 
and consider Af as a _B-module. Notice Gb{M) = Ga(Af). Let yt e b be such 
that ip{yi) = Xi. Set R = B oc M, the idealization of M and consider the ideal 
q = b ex Af. Then Gq(f?) = Gfa(B) oc Ga(Af)(-l). 
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As Gb{B) is Cohen-Macaulay, depth Gq(i?) = depth Ga(M). Set Zt = {yi,0) for 
i = 1, . . . ,r. Notice q' — b* oc d^^^M for i > 0. 

Therefore q* n (z) = (b* n (y), o'^^Af n cM) and 

q* n (z) _ / a'-^M n cM 

^1 TTTTTT 



q»-i(z) 
The resuh now foUow from the case of rings. D 

The previous resuh did not use the fact the Gorenstein property of G\,{B). All 
we used was that Gb{B) is Cohen-Macaulay. The next result uses the fact that 
Gb{B) is Gorenstein. 

Theorem 4.2. Let {A,m) be a local ring, a an m-primary ideal in A and M an 
A-module with dimM = 2. Then 

e?(Af)<eo"(M)(4(Af) + 2) 

Immediately we obtain 

Corollary 4.3. Let {A,m) be a local ring, M an A-module with dim A/ > 2 and a 
an ideal of definition for M. Then 

eJ(Af) <eg(Af)reda(Af). 

Proof First assume dimAf = 2. Then by Trung's result [55", 3.2], a§(A/) + 2 < 
reda(A^). The result now follows from Theorem 14.21 

When dimAf > 3, let N — M/{xi . . . Xr-2)M where xi, . . . Xr-2 is a superficial 
sequence. Note dimiV = 2. As e{{M) = e,"(A^) for i ^ 0,1 (cf. [HI 22.6]) we get 
the result. D 



Theorem 14.21 also gives us Application VII. 

Theorem 4.4. [Appl. VII] Let (^,m) be a local ring, M a CM A-module with 
dim A/ > 2 and a an ideal of definition for M. Then 

Proof If dim A/ = 2 then reg2(G'a(A/)) = (a§(Af) + 2). So the resuh follows from 
Theorem 14.21 When dimAf > 3, let N = M/{xi . . . Xr-2)M where xi, . . . Xr-2 is a 
superficial sequence. Note dim TV — 2 and ef{M) = ef{N) for z = 0, 1. Check that 
reg2(G'c,(A^)) < reg2(Ga(Af)). The resuh follows from 1121 □ 



Proof of Theorem \4.S\ We may assume A is complete, a is m-primary and dimAf = 
dim A. Let [B, n, b, (/?] be a Gorenstein approximation of [A, m, a]. Notice 

a,''(Af) = at{M) and e,''(Af) = ef(Af) for all i. 

Thus we may assume {A,m) is Gorenstein local and Ga{A) is Gorenstein. We may 
further assume A has an infinite residue field. This we do. Set 

G^G^), D^Hl^{G^{M))^^Dn where a = a^(Af). 

n<.Q. 

Set {-Y = *HomG(-,ffG^(G)) the Matlis dual functor over G. Notice f)^ = 
®n>-a ^n whcrc D)' ^ IIom^/„ (D_i , i^^/j, (fc)) , and ^A/a(fc) is the injective hull 
of k as an A/a-module. By Matlis duality I?^ is a finitely generated G-module. 
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By Local duality we have 

D-" = H\G,{M)Y c *HomG(G„(Af),G(a)) 

(Here a = reda{A) — 2, the a-invariant of G). 

Claim 1: _D^ is a Cohen-Macaulay G-module of dimension 2. 
Proof of Claim 1: By |23l 17.1.10] it follows that the function n ^ (.{D)^;) is 
polynomial of degree 1. So dim_D^ — 2. Let f i — > Fq — > Ga{M) ^- be a free 
presentation of Ga(Af) as a G-module. Notice 

0^ *HomG(Gp(M),G) ^ *HomG(Fo,G)^ *HomG(i^i,G) 

As G is Cohen-Macaulay of dim 2 we get Claim 1 . 

Claim 2: i{Dn) = Go(a - n + 1) - Gi for all n << where Go > and Gi > 0. 
Proof of Claim 2: Z?^ = ©,„>_„ 13^. Notice i{Dl^) = £{D_rn) for all m. Set 

Notice D'^{-a)j = for j < 0. S7) D'^{-a) has Hilbert series 

ho + hiz + . . . ahgZ^ 



(1-Z)2 

As 13^ (—a) is Cohen-Macaulay we have hi > for all i. Thus there exists Gq > 
and Gi > such that £(D^(-a)„) = Go(n + 1) - Gi for all n > 0. Therefore 

e{Dn) = ({DlJ = Coi-n + a + 1) - Gi for all n -C 0. 

This proves Claim 2. 

By a result due to Serre cf. [H 4.4.3] 

2 

i/(G„(M), n) - P{Ga{M),n) = ^(-l)Y(ff'(G„(M))„). 

i=0 

Clearly H°{Ga{M)))^ = for n < 0. Notice ^(iJHGa(M))„) = C, a constant for 
all n < 0, see [II 17.1.9]. So we get 

- K(M)(n + 1) - e?(Af)] ^ Go(a + 1 - n) - Gi - .^ 

Therefore Go — e^{M). Comparing coefficients we get 

e?(Af)=eS(M)(a + 2)-^-Gi. 

The result follows. D 

5. The initial degree of the dual filtration and the h-invariant 

Let {A, m) be a Gorenstein local ring, a an equimultiple ideal in A and let M be 
an MCM A-module. Let aa{M) be the order of M with respect to a (see lS.ip . We 
prove that aa{M) < redo (A). If a is m-primary then we prove that 

a{G„{M)) > Ted„{A) - a„(M) - dim A. 

We also prove that am{M) = red(v4) if and only if AI is an Ulrich module. 

5.1. Let (^,m) be a local ring, a an ideal in A and M and A-module. Set M* = 
RouiAiM, A). Let J = {M* = HomA(Af, a")}„ez be the dual fihration of M* with 
respect to a. If / 7^ e M* set aaif) = mm{n \ f{M) C a"}. Set 

a,{M) = min{aa(/) \ f ^ M* J ^ 0}. 

Notice a„{M) = max{n | M* ^ M*} = mm{n \ G{J, A//*)„ ^ 0}. 
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5.2. Let xi,...,Xr e a be a sequence. Set (i?,n) — (A/(x),m/(x)) and N = 
M/xAf . If / e HoniA(M, A) define il^{f) : N -^ B,hy 

V'(/)(to + xAf ) = /(to) + xA. 

One can check readily ip{f) G Horns (A^, B). Define 

Tx : HomA(M, A) -^ Horns (^, B) 

Tx(/)=V^(/). 

Proposition 5.3. Let (^,m) be a Gorenstein local ring and let M he a MCM 
A-niodule. If xi, . . . ,Xr & a is an A-regular sequence and then Tx is onto. 

Proof. It suffices to prove for r = 1. The exact sequence Q ^r A —* A — >i3^0 
yields ^ M* ^ M* ^ HomB(iV, B) -^ Ext^(M, A). Notice Ext^(M, A) = 0. 

The map: Hom(il/, A) "°'"'^^^''') Horns (TV, B) 

is nothing but Tj;^. Thus T^-^ is onto. D 

For equimultiple ideals we have 

Corollary 5.4. [with hypothesis as in \5.Sfj If a is an equimultiple ideal then 

aa{M) < rede (A). 

Proof. Let J = (a;i, . . . , a;s) be a minimal reduction of a such that 

r = red„(A) = min{n | a"+i = Ja""}. 

By hypothesis xi,...,Xs is a regular sequence. Consider Tx: Hom^(M, A) -^ 
liomA/jiM/JM,A/JM) as defined earher. 

If a{M) > r then note that V(/) = for each / G M* . By [Ol T is onto. So 
Hom^/j(M/JM, A/J) = 0, a contradiction. D 

5.5. Set r = red(a) and d — dim A. Recall that if Ga{A) is Gorenstein then 
fit, = G{r — d) is the canonical module of Ga{A). Using graded local duality we get 

(5.5.1) a(G„(Af)) = - min{n | *HomG„(A) (G„(A/), Ga(A)(r - d))„ ^ 0}. 
The following result gives a lower bound on a{Ga{M) in terms of Qa(Af). 

Proposition 5.6. Let (A, m) he a d- dimensional Gorenstein local ring, a an m- 
primary ideal with Ga{A) Gorenstein and let M he a MCM A-module. 

a{Ga{M)) > rede (A) - aa{M) ~ d. 

Proof Set G{M) = Ga(,M),G = G'„(A),r = red„(A) and M* = B.om.A{M , A) . By 
[31] we have an inclusion -^ G{7, M*) -^ Rome {G{M),G). So 

(*) ^ G(5-, M*){r ~d)^ RomaiGiM), G{r - d)). 

Notice G(J, Ar)((r - d))^^(M)-(r-d) = G(J, Ar)„„(M) ^ 0. 
Looking at initial degrees of sequence (*) and using [575TT] we get 

~a{G,{M))<a,{M)-{r-d). 
The result follows. D 
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Remark 5.7. If a is m-primary then by Proposition 15.61 and 15.41 it follows that 
a(Go(A/)) > —dim A. But this also follows easily from other arguments. 

The case when a = m. 

Notation: Set G(— ) = Gm{—) and a{—) = Q:m(~)- If we have to specify the ring 
then we write ayi(— ). Clearly a{M) — if and only if M has a free summand. 

Lemma 5.8. Let {A,m) be a Gorenstein local ring with G{A) Gorenstein. Let 
x e m \ rri'^ be M ^ A-superficial with respect to m. Then 

aA{M)<aA/(^){M/xM). 

Proof Set N = M/xM and (B,n) = {A/{x),m/{x)). By Proposition [EH 

T : UouiAiM, A) -> Homi3(A^, B) 

is onto. Set a = aAiM). Then /(Af) C m" for all / G M*. Therefore T{f){N) C 
n" for aU / G M*. Since T is onto, we get g{N) C n" for all g e N*. Thus 
asiN) > a = aAiM). D 

5.9. Reduction to dimension zero : 

Let X = xi...Xd be a maximal M A-superficial sequence. Set {B,n) = 

(A/(x),m/(x)) and A^ = M/xM. 

Remark 5.10. Recall an MCM o-module M is called Ulrich if e(M) = fJ,{M). 

(a) M is Uhich ^=^ N is Uhich. Notice N is Ulrich ^=^ N ~ fc^(^). 

(b) Since G{A) is Cohen-Macaulay we have red{A) — red(i3) 

(c) If aA{M) = rcd(A) then as(A^) = red(i3). This is so, since 

Ted{A) = aAiM) < as (TV) < red(B) (inequalities due toEE&lM!)- 

(d) If asiN) = red(i?) then N — k"^ for some s > 1. The converse also holds since 
B is Gorenstein. 

Proposition 5.11. Let (A, m) be a Gorenstein local ring with GmiA) Gorenstein. 
Also assume that A has infinite residue field. Let M be a MCM A-module. The 
following conditions are equivalent: 

(i) a(Af) =red(A). 
(ii) M is an Ulrich A-module. 
(iii) a(G(Af)) = -dim A. 

Proof. Set r = red(yl), a — aAiM) and d = dim A. Let x — xi,...,Xd be a 
maximal Af ©A-superficial sequence. Set (i?, n) = (A/(x), m/(x)) and N = M/xM. 
(i) => (ii): If a(M) = red(A) then bv [5T^ c). a(iV) = red(B) = r. We have 
aiN) = r. So /V* = N; = HomB(Af,nO- Since B is Gorenstein with n" ^ and 
nJ = for j > r we get n'' '^ k. So A^* = Hom^(iV,fc) = fc''(^). Therefore 
N9^ N** ^ ^M(JV)_ gQ j^ jg Ulrich. Bv lSTOT a) Af is an Ulrich A-module. 

(ii) ^ (iii): Trivial. 

(iii) => (i): By Proposition 15.61 we get 

a(G(Af )) >r-a-d. 
So we obtain a> r. But a < r always (see l5.4p . So a = r. D 
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6. a-iNVARiANT: Borderline cases 

Let (A,m) be CM. It is well-known that a{GmiA)) > —dim A. We prove that 
a{Gm{A)) = — dim A if and only if A is regular local fsee l6.ip . If A is equicharac- 
teristic we prove 

• a{Ga{A)) — — dim A if and only if a is generated by a regular sequence. 

• (assume a is also integrally closed). a{Ga{Aj} = — dimA-|- 1 if and only if 
a has minimal multiplicity. 

Theorem 6.1. Let (A, m) be a Cohen- Macaulay local ring. The following condi- 
tions are equivalent: 

(i) A is regular local. 

(ii) a{G{A)) = -dim A. 

The example below shows that the assumption, A is CM in 16.11 is crucial. 

Example 6.2. Let {A,m) be a regular local ring of dimension d > 0. Let M be 
an A-module with dim M < d. Let R = A oa M, the idealization of M. Notice R 
is local with maximal ideal n = m oc M. Also dimi? = dim A = d. Furthermore 
depth i? = minjdepthM, depthA} < d. So R is not CM. 

Claim : a(Gn{R)) = —d. 

Set T = Gm(A),7V = G',n(M)(-l) and S = Gn{R). Notice 5 = T oc iV, 
the idealization of N. Since N'^ = in S* we have that Hg (— ) = H^ s(~)- 
Furthermore as 5 is a finite T-module we get that H^ (S) = H^ g{S) as T- 
modules. Since 5 = T ® TV as T-modules we get that H'j,^ (S) ^ H'j,^ (T) ® Wj,^ (N) 
for each i > 0. Since dimiV = dimM < d we get that H^^{S) = H^^{T). Thus 
H^^ (S) = iJ^^ (T) as T-modules. The resuh follows. 

Proof of Theorem \6.1\ The assertion (i) => (ii) is clear. To prove the converse we 
may assume that A is complete with infinite residue field fc; see ll.6f c) and lLGr S*). 

Since A is complete, A is the quotient of a regular local ring. So bv l2.5l [A, m, m] 
has a Gorenstein approximation [B, n, n, (j)] with onto. We consider A as a. B- 
module. Notice Gn{A) = Gm{A) as a Gn(i3)-module. It is also be easily seen that 
for each i > we have if^^^(^)^(Gn(^)) = iI^^^(^)^(Gm(A)) as a Gn(S)-module. 

Since dimi? = dim A = (i(say), we get a{Gn{A)) — — dimi?. By Theorem 15.111 
we get that A is Ulrich as a i3-module. Let J = (wi, . . . , Ud) be a minimal reduction 
of A with respect to n. Set Xi = 4){ui) for i = 1, . . . , d. As A is an Ulrich _B-module 
we get J A = nA. It follows that m = (xi, . . . , Xd). So A is regular local. D 



We prove an analogue of 16. II for m-primary ideals. 

Theorem 6.3. Let (^,tn) be an equicharacteristic GM local ring ofdirad > 1. Let 
a be an m-primary ideal. Then a{Ga{A)) = — dim A <;=> a is a parameter ideal. 

Proof. We may assume, without loss of any generality that A is complete and 
has an infinite residue field. As A is equicharacteristic we choose a Gorenstein 
approximation [_B,n, b,iy9] of [yl,m, a] with b = n. Notice Gn{A) — Ga{A) and 
notice -ffG„(B)+(<^c(^)) = ■f^G„(A)+(Ga(^))- H aiGaiA)) = -d then A is Ulrich as 
an B-module. So nA — J A where J — {yi, . . . , yd) is a minimal reduction of n with 
respect to A. But nA = aA. Set Xi — ip{yi). We get a = (xi, . . . ,xd). It follows 
that a is a parameter ideal. 

Conversely if a is a parameter ideal then its clear that a{Ga{A)) = —d. D 
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We might also ask what happens when a{Ga{A)) = —d+ 1. We show 

Theorem 6.4. Let {A,m) be an equicharacteristic CM local ring ofdimd > 1. Let 
a be an m-primary ideal. If a has minimal multiplicity then a(Ga{A)) = —d+ 1. 
The converse holds if 

(1) a is integrally closed. 

(2) dimA = 1. 

Proof. If a has minimal multiplicity then Ga{A) is Cohen-Macaulay. The descrip- 
tion of Hilbert series of Ga{A) gives a{Ga{A)) = —d+1. To prove the converse we 
may assume that A is complete with an infinite residue field. 

Case (1): a is integrally closed. 
As A is equicharacteristic we choose a Gorenstein approximation [_B,n, fa,(^] of 
[^,m, a] with b = n. From Lemma [5?8l we have 

an{A) <a„/(x)(>l/x^) 

where x = a;i, . . . , x^ is a maximal A^ B superficial sequence with respect to n. 

Bv 15.61 we have aa{A) > r — 1 where r = redS — redi3/(x). Therefore 
an/(x)(A/x^) > r - 1. It follows that n^A = 0. Thus n^A C xA. Let yi = ip{xi) 
for all i. Set q = {yi, . . . ,yd). Then we have a^ C J. Since a is integrally closed we 
have a^ = qa. So a has minimal multiplicity. 

Case (2): dimA= 1. 
By hypothesis ai{Ga{A)) = a{Ga{A)) ^ 0. If Ga{A) is CM then we have nothing to 
show. We assert that Ga{A) is CM. If not then by a result of Marley [lOl 2.1(a)] we 
get ao(Ga(A)) < ai[Ga{A)) a contradiction, since Uq^i^) {Ga{A)) is concentrated 
in non-negative degrees. D 

When dimyl = 2 there exists m-primary ideals a which do not have minimal 
multiplicity but have a{Ga{A)) = — 1 fsee l6.6p . In fact when dim A = 2 we give the 
following characterization of m-primary ideals a with a{Ga{A)) < — 1. 

Proposition 6.5. Let {A,m) be a Cohen-Macaulay local ring with dim A = 2. Let 
a be an m-primary ideal. The following conditions are equivalent: 

(i) a(GM)) < -1- 
(ii) reda.>(A) = 1 for all n > 0. 
(iii) e^^{A) = 0. 

Proof. By .8, 2.6] we get a{Ga{A)) < if and only if red(a") = dim A - 1 for aU 
n » 0. Thus the assertions (i) and (ii) are equivalent. By [Mj, we get that (ii) and 
(iii) are equivalent. D 

The example below was constructed by Marley [9, 4.1] for a different purpose. 

Example 6.6. Let A = k[X,Y\x,Y) and let a = {X\ X^Y , XY*^ ,Y'' ) . Using 
COCOA [3] one verifies that 

/ia(A, z) = 38 + 3z + 3z2 + 3z3 + iz^ + 3z^ - Az^ . 

Notice e^{A) = 0. So by[63]we get a{Ga{A)) < 0. Since a{Ga{A)) > -2 and o is 
not generated by a regular sequence it follows from 16.31 that a{Ga{A)) = —1. 

Question 6.7. What are all the m-primary ideals in a Cohen-Macaulay local ring 
(A,m) having a{Ga{A)) = - dimA + 1? 
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7. Dual Filtrations of MCM modules over hypersurface rings 

Let {A, m) be a complete equicharacteristic hypersurface ring and let M be a 
MCM A- module. When Gm{M) is CM we give a necessary and sufficient condition 
for the dual filtration, J'i\i = {Hom^(M, m")}„gz, on M* to be a shift of the m-adic 
filtration on AI*: see lT.llI This result along with Gorenstein approximation is then 
used to deduce results about associated graded rings of q-primary a in a Cohen- 
Macaulay local ring {R, q) with pi{a) = dimi? + 1. We give proof of application III 
and half of application IV, stated in the introduction: see 17.171 and 17.161 

7.1. Setup: Let Q ~ k[[Xo, Xi, X2 . . . , Xd]] where k is an infinite field and let n 
be the maximal ideal of Q. Let {A,m) = (Q/(/), n/(/)) where / £ n*^ \ n^"''^ and 
e > 2. Notice eo(A) = e and Gm(A) = Gn{Q)/{f*). So Gm{A) is Gorenstein. 

7.2. Some invariants of a MCM module over a hypersurface ring. 
Case 1 : dim A = 0. So Q is a DVR. Let n = (H). As a Q-module 

KM) 

(7.2.1) M ~ Q/(n'''(*^)) where 1 < ai(Af) < . . . < a^(M)(A^) < e. 

Thus the decomposition above is as A-modules. 

7.3. The Hilbert function of M is 



H{M, z) = y 1 + z + . . . + z' 



^ fl+z + ... + z«'W-i 
1=1 

Remark 7.4. Notice H{M, z) completely determines ai(Af), . . . , a^(j\,f ) (M) in the 
case when dim M — Q. 

Case 2: d = dim A > 1. 
By an argument similar to |18l 7.6] we get that for sufficiently general xi, . . .Xd G 
m\m^, the Hilbert function of M/{xi, . . . Xd)M is constant. Using lT^ we can define 
ai{M) — ai{M/{x.)M) for sufficiently general x. 

Definition 7.5. We call the numbers ai(M), . . . , a^/M){M) the generic superficial 
invariants of M . 

Corollary 7.6. (with assumptions as above) 

p(Af) 

eo(Af) = Y. <^^) 
1=1 

Proof. Let x — xi, . . . ,Xd be sufficiently general. Set N — M/xM. Then 

m(M) ,j.(M) 

eo(M) = eo(iV) = V a,(iV) = V a, (A/). 



i=l 



7.7. Assume — > Q" — > Q" ^ Af ^ is a minimal presentation of M. Set 

10 = max{i I all entries of (j) are in n*}. 
It is well known that i^ is an invariant of M. We set i{M) — i^. 
Proposition 7.8. [with hypothesis as above] i{M) — ai{M). 



a 
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Proof. When diniAf = the its clear that i{M) = ai(A/). We can choose x = 
xi,...,Xd sufficiently general such that i{M) — i{M/xAI) (see [HI 4.4]). The 
result follows from the zero-dimensional case. D 

Remark 7.9. li E = M ® N then 

E, = HomA(M © N, m') = M* ® N* . 

So Gi3^E,E*) = Gi9M,M*) ® G{Jn,N*). 

The Dual Filtration in dimension zero. 

Proposition 7.10. Let {Q,Ii) be a DVR. Set A = Q/(n^) for some e>2 and let 
M be an A-module. 

(1) IfM^QI{W)then G{'Jm,M*) ^ G{]Vr){e - i). 

(2) //Af = 0fif)Q/(n''^W) then 

KM) 

G{-Jm,M*)= G(Q/(n'^'(*^)))(e-a,(Af)). 
1=1 

(3) G{7m,M) ~ G{M*) (up to a shift) if and only if ai{M) = ■■■ = a^^M){M). 
Proof (1). Set 

M; = HomA(M,m^) = HomQ/(n=) (Q/(ff ), (nJ)/(ff )) . 

Clearly M* = M* for j = 0, 1, . . . , e - i. 

For j > e - i let / e M* . Let /(T) = alF = nJ-(<=-*) • {aW-^). 

Define 5 e M* by g(T) = alF^. Clearly g is A-linear. Also 5 e A/g-j = M*- 
Thus /(I) = nJ-('=-')5(T) G nJ^f'-'^ATe-j. Therefore M* C m^^^'^-'Uf*. But 
nxJ-(e-«)M* c Af; always. So M* = m^-^''-''>M* . Thus 

G(:rM,M*)~G(Ar)(e-z). 

(2). This follows from EH and HI). 
(3). This follows from ©. 

D 

Theorem 7.11. (with hypothesis as in \ 7. Jp Assume G{M) is Cohen- Macaulay. 
Then the following conditions are equivalent: 

(i) G(Af*) ~ Hom(G(Af),G(A)) up to a shift. 

(ii) ai(Af) = ... = a^(M)(M). 

(iii) hM{z) - Ai(M)(l + z + . . . + z*W-i). 

(iv) ft-Afl^) = /"(M)(l + z + . . . + z"'"!) /or some s > 1. 

We need the following 

Lemma 7.12. (with hypothesis as in \7.1\ ) Set a = i{M). Then 

h{M, z) = n(M){l + Z + ... + z"-i) + Y, h,{M)z\ 

Furthermore ha{M) < fi{M). 
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Proof. We prove the result by induction on dimension of A. When dim yl = then 
the result follows by 17.31 

If dim A > then let a; e m \ m^ be sufficiently general. Set N = M/xM. We 
may choose x such that i{M) = i{N) = a, see [18, 4.4]. By induction hypothesis 

h{N,z)=n{N){l + z + ... + z°'-^) + ^K{N)z'- and K{N) < ^i{N). 
By Singh's Lemma [23, Theorem 1] 

By [m 4.6] we get (m*+i M : x) = m'M for aU i = 0, 1, . . . , a - 1. 

So hM{z) = h{N^z)-{l-zY.Y,i[——- 

i>a ^ 

It follows that hi(M) — hi{N) for i = 0, . . . , a — 1 and 

The result follows. D 

Corollary 7.13. Ifh{M, z) = ii{M){\ + z + . . . + z'-^) than i{M) = s anrf G{M) 
is Cohen- Macaulay. 

Proof. The assertion i{M) = s follows from Lemma F7. 121 The fact that G{M) is 
Cohen-Macaulay follows from [HI Theorem 2] . D 

We now give a 

Proof of Theorem\TTJ\ (iii) ^ (ii) follows from [HI Theorem 2]. 

(iii) =^ (i). Let 3^m be the dual filtration on M* with respect to m. As G{M) is 
Cohen-Macaulay it follows from Corollary|33]that G(J, M*) ^ Hom(G(M), G(A)). 
Let X = xi, . . . , Xd £ m \ m^ be sufficiently general. Set N — M /rx^M . Then bv l3.10l 
we have 

G(JAf, Ar)/x*G(JM,M*) ^ G(Jjv,^*). 

Notice ai{M) = . . . = a^(M)(M) = i{M). Bv OUlfTj) it follows that the Hilbert 
series of G(JAr,iV*) is ^(M)z«~*(*-f)(l + z + . . . + z'(^^)-i). It follows that the 
Hilbert series of G{S'm, M*) is 

/i(M)z^-*(*^) {1 + Z + ... + z'(A^)-i) 



i+a+1 



Note a = a{M) = e - i{M). For aU i > we always have m'+^M* C Aff+^+i. So 



we have an exact sequence 

M* M* 



m^+^M* Af,V„+i 







Since the lengths are equal it is an isomorphism. Thus m*+^Af * = M*_^^^-^ for all 
i > 0. Therefore G{M*) ~ Honi(G(M), G{A)) up to a shift. 

(i) =^ (iii) By hypothesis G{M*) ~ G(J,M*) (up to a shift). Thus G{M*) 
is Cohen-Macaulay. Bv 13. 101 we go mod a maximal regular sequence to reduce to 
dimension zero case. Here the assertion is true bv l7.10t| 5)). 
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(iii) =^ (iv) Nothing to show, 
(iv) =^ (iu) FoUows from CoroUarv l7.13l D 

7.14. The case when (A, m) is Cohen-Macaulay (need not be a hypersur- 
face ring) but a is an m-primary ideal with /i(o) = d+1. 



Remark 7.15. Assume A is also complete and equicharacteristic. By 12.61 we get 

that [Ajtn, a] has a Gorenstein approximation [B,n,n,ip] with /i(n) = d + 1. It 
follows that B is a hypersurface ring. Also A is a MCM as a i?-module. Clearly 
Ga {A) — Gn {A) . It can be easily checked that uja — Horns {A, B) = A* and 
n^ = *HomG(B)(Gn(A),f]f ). Also note that Gn(-B) ^ n^ up to a shift. 

Theorem 7.16. Let (A,m) be a Cohen-Macaulay equicharacteristic local ring and 
a canonical module to a- Let a he an m-primary ideal with /i(o) —d+1 and Ga{A) 
Cohen-Macaulay with canonical module fi^ . The following conditions are equiva- 
lent: 

(i) Ga{uJA) — ^a (^P ^'^ '^ shift). 
(ii) haiA, z) = l{A/a){l + z + ... + z^-^) for some s>2. 

Proo/. This follows from [LT5] and [Unj D 

Theorem 7.17. Let (A, m) he a equicharacteristic Corenstein local ring and a an 
m-primary ideal with /i(a) = d+\. The following conditions are equivalent: 

(i) Ga{A) is Gorenstein. 
(ii) ha{A, z) = (i{A/a){l + z + ... + z^^^) for some s>2. 



Proof. The assertion (i) => (ii) follows from 17.161 

(ii) => (i) . We use notation as in 17.151 Notice A is a MCM _B-module and 
ha{A,z) = hn{A,z). So by [77131 we get that G{A) = Ga{A) is Cohen-Macaulay. 
The result follows from 17.151 D 

Question 7.18. Are the results of Theorem 17.171 and Theorem 17.161 true when A 
does not contain a field? 

8. A GENERALIZATION OF A RESULT DUE TO OOISHI 

8.1. Introduction &; Setup: Let {A,m) be a CM local ring with a canoni- 
cal module uja- Let a an m-primary ideal and M a CM A-module. Set M^ = 
Ext^™^-'*™^^(M,a;A). Assume G„(yl), G^{M) are CM. 

Let fla, K,a be the canonical module of Ga{A), "RaiA) respectively. Notice that 
n^ ^ lCJt-^lCa{.-l){see [a 3.6.14]). 

In Theorem 18.51 we show that if A is complete then there is a a-stable filtration 
J on Aft such that 

(8.1.1) n{y, A/t) - *Ext;^7(Ar''""'' (7e„(Af ), /c„) 

(8.1.2) equivalently G(?(-l), Aft) 9^ *ExtG"^)"'*""^^ (Ga(Af), fi„) . 

As an application we give a generalization of a result due to Ooishi. 

Definition 8.2. [With hypotheses as in l8.1| If there exists a a-stable filtration 3^ on 
AL'^ such that l8.1?Tl (equivalentlv[ 8.1.2p holds then we say 3^ is a canonical filtration 
on AP with respect to a. 
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Two canonical filtrations (say 3^,3) on Af^ are equivalent, i.e., there exists an 
A-linear isomorphism cr: M^ -^ Af^ such that ct(5'„) = S„ for all 71 G Z. This is 
due to the following well-known result. 

Theorem 8.3. Let M be an A-module and let a be an ideal in A. Suppose 
3^ ~ {3^n}nez o.nd S = {Snjnez cire two a-stable filtration's such that 3i{3^,M) = 
3?(9,Af) as 5la{A)-niodules. Then 3^, Q are equivalent filtration's. 

We need the following graded version of a result of Rees [20] . 

Remark 8.4. Let R = ®„g2 Rn be a graded ring and let M, N be graded R- 
modules. Let a: be a homogeneous element in R. If x is both AI and i?-regular 
element and x ■ N = then 

*Ext^/^fl(iV, Af/a;A'/) ^ *ExtJ\iV, Af)(- degx) for aU i>0. 

The proof is along the same lines as given (for example in) [2l 3.1.16] 

Theorem 8.5. [With hypotheses as in \8.1}j Further assume A is complete. Then 
M^ has a canonical filtration. Furthermore if J', S are two such filtration's then 
they are equivalent as filtration's on M^ . 



Proof. Uniqueness of the filtration up to equivalence follows by 18.31 

Case 1: M is a MCM A-module. 
Let [i?,n, b,(/)] be a Gorenstein approximation of (A, m, o). Consider the dual fil- 
tration Jm = {RouiBiM, b")}„gz on M^ . Since Gb{B) is Gorenstein & G'b(Af) = 
G„(Af) is CM, we get 

(8.5.1) G(JM,Aft)- *HomG,(s)(Ga(Af),Gb(B)) (seeEH). 

The canonical module of Gb{B) is Gb{B){s) for some s G Z. So 

na = *HomG,(s)(G„(A),G6(B)(s)) (see [2, 3.6.12]). 

Notice that we have the following isomorphisms of G = Gj, (A)-modules 



Home (G„(M),f]„) ^ Home [G^{M), HomG,(B) (G, Gb(B)(s))^ 
- *HoniG,(B)(Ga(Af),Gb(B)(s)) 
^G(?A/(s),A/^), using [HXI] and O- 

Case 2: AI is a Cohen- Macaulay A-module but not necessarily MCM 
By case 2 we may assume that c = dim A — dim A/ > 0. Let ui,. . .Uc be as in 
Corollary [221 Recall 

(1) ui, . . . , Uc £ ann^ AI and m|, . . . ,u* G amiQ^(^A) Go(A/). 

(2) u^, . . . , u* is a Ga (A)-regular sequence. 

Set A' = A/(u), a' = a/(u). Then M is a A'-module. Also notice that Ga'(Af) = 
Ga(Af ). Since fia is a MCM Go (A) module, it follows that u^, . . . , u* is i7a-regular. 
Notice also that ui,. . . ,Uc G ann^ M^ and mJ, . . . , u* G annG^(^) Ga(Af ^'). 

Set w = J2'i=i degu*. Notice ila/{u*ila) (w) is the canonical module of Ga'{A'); 
cf. [1 3.6.14]. Using [Oj repeatedly we get 

(8.5.2) *HomG„,(A) (G„-(Af), 17 J(u*r!,)) - *ExtG„(^) (G„(Af), r!„) (-«;) . 

By case 1 we have a a'-stable filtration ? on Af 'I' such that 

G(J,A^t) ^ *HomG^,(^,) (G„KM),^a/(u*r!„) («;)). 
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Notice y is an a-stable filtration on M^ . Also Ga'{M) = Ga(Af). By [8X2 we get 

D 

We now state our generalization of Ooishi's result. 

Theorem 8.6. [with hypotheses as in \8.1}/ Set r = red(a, Af ) and assume further 
that G{M'^) is Cohen- Macaulay. Then 

(i) h{M\z) = 77 ■h{M,z'^). 

(ii) G(Aft)^ *Extc"|^)~'^™*^(G„(A^),fia) (up to a shift). 



For proving Theorem 18.61 we need the following Lemma which gives a sufficient 
condition for an a-stable filtration to be a-adic 

Lemma 8.7. Let {A,m) be local, a an xn-primary ideal and let M be a Cohen- 
Macaulay A-module of dimension r >\. Let 5" = {Mn}nez be an a-stable filtration 
on M such that 

(1) Mn = M forn<0 and Mi ^ M. 

(2) GiJ,]^!) is Cohen-Macaulay. 

Let X = xi, . . . , Xs be an M -superficial sequence with respect to M such that x* = 
xl,...,x* is G{3^,M) -regular. Set B = yl/(x), b = a/(x) and N = M/yiM. Let 
5" = {(Af„ + xM)/xAf}„gz be the quotient filtration on N . If J is the b-adic 
filtration on N then J is the a-adic filtration on M . 

Proof. Since Mq = M we get a' A/ C Mi for all i > 1. We prove by induction on n 
that M„ = a"Af for n > 1. 
The case n — 1. 

?■ is b-adic. So 

A/i + xAf _ aM + xAf 

xM ^ xM 
Thus Ml -I- xAf = aM + xA/. But xAf C aM C Mi. Therefore Afi = aM._ 
Assume the result for n — p and prove for n ^ p + I. By hypothesis on 3^, 

Mp+i + xAf _ gP+^Af + xA/ 
^ ' xM ~ xM 

Notice 

Afp+i + xAf ^ Mp+i ^^^ gP+^M + xM _ aP+^M 

^ ' xAf ~xAfnAfp+i ^"^ xM ~ xMnaP+'^M' 

Observe that 

xa^A/ C a^+i n xA/ C Mp+i n xM 

= xMp [1 2.3] 

— xa^Af by induction hypothesis 

So xAT n Mp+i = xaPAf = aP+^Af n xAf . The result follows from (*) and (**). D 

Proof of Theorem \8.6[ The assertion (ii) =^ (i) follows from 2, 4.4.5]. 

To prove the converse, we note that using the argument Case 2 in Theorem 18.51 
we may assume that AT is a MCM A-module. Furthermore we may assume that A 
is complete with infinite residue field. 
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We first consider the case when dim A = 0. Consider the usual a-adic filtration: 
M^ D aMt D a^M^ ^ . . . ^ a'^M^ D a'^+^A/t = 
Let the canonical filtration of M^ (up to a shift) be : 

M^ D qi D q2 ^ . . . 3 qs 3 q^+i = with qi 7^ M^ 
Let the Hilbert series of A/'l' with respect to a be 

HaiM,z) = ha + ... + hrz''. 
Then the Hilbert series of the canonical module of GaiM)"^ is 

Ha{M, Z~^) = hrZ^'' + hr-iZ^'"^'^ + . . . + ft-iz"^ + /iq 

cf. [21 4.4.5]. It follow that s = r. Also £(q^) = ho = K = £(a''Mt). Since q,. D a''Mt 

we have a^M'^ = q^.. 

By downward induction we show q,; = a'A/^ for i < r. Notice q^ D a^M'^ . 

For z = r we just showed (C M^ = q,.. Assume for i = j + 1 and prove for i = j. 
Notice that 



qj 



I V'p — 7 / /■ o -C 



a^A/t 



But q^+i = a'+'^M^ and q^ D a-^M^ So q^ = a^A/t. The result follows. 

Next we consider the case when d = dim A > 0. By hypothesis Gn(A), Ga{M) 
are Cohen-Macaulay. Let xi, . . . ,Xd £ a/a^ be such that x^, . . . ,x2 is Ga{A) and 
G(,(Af) regular sequence. Set i? = A/{x.), N = M/xM and b = aB. Furthermore 
Gb{B) = G„(A)/(x*) and Gt,(A^) = Gc,(Af)/x*Go(Ar). So the /i-vector of Gi,(iV) 
is symmetric. By the previous case we have that the b-adic filtration on N'' is the 
canonical filtration on N'' up to a shift. By 18.71 it follows that the a-adic filtration 
on Af'l' is the canonical filtration on M^ up to a shift. Therefore 

^. +x * dim A— dim J\/ , _ . , „ , , 

G(A/t) ^ Exta^(A) (G„(A/),f7(,) (up to a shift). 

D 

9. Application of our generalization of Ooishi's result 



We use Theorem 18.61 to to show that the dual filtration with respect to m of a 
MCM module A/, over a Gorenstein local ring A with Gm{A) Gorenstein, is a shift 
of the usual m-adic filtration in the following cases: 

(1) M is Ulrich (i.e., deghM^z) = 0; equivalently e{M) = IJ.{M)). 

(2) type(Af ) = e(Af ) — ^{M) and M has minimal multiplicity. 

Assume {R, n) is CM local with a canonical module uju and Gq{R) is CM for some 
n-primary ideal q. We use Theorem 18.61 to give an easily verifiable condition on 
whether Gq{uju) is the canonical module of Gq(i?) (up to a shift). 

The following criterion is useful to show dual filtrations are o-adic up to a shift. 

Proposition 9.1. Let {A,m) be Gorenstein, a an m-primary ideal with Ga{A) 
Gorenstein. Let M he an MCM A-module with Ga{M) Cohen-Macaulay. Let J he 
the dual filtration of M with respect to a. Set c = red(a, Af). Let x = xi, . . . , x^ be 
an A superficial sequence with respect to a. Set {B,n) — (A/(x),m/(x)), b — ^/(x) 
and N = Af/xA/. Set N* = HomB(A^, B). The following conditions are equivalent: 

(i) h{N*,z) ^ z^-hilVfz-^). 

(ii) G„(A//*) = G{J,M*) (up to a shift). 
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(iii) 5" is the a-adic filtration of M* (up to a shift). 

Proof, (iii) =^ (ii). Is trivial 

(ii) =^ (iii). Follows from 11.51 

(i) =^ (iii) Let S be the dual filtration of N* with respect to b. Notice 
h{N, z) — h{M, z), as Ga{M) is CM. Using [5TB1 we get that S is b-adic up to a shift. 

Notice X* = xl, . . . ,x'^ is a. Go(^)-regular sequence, [T71 8]. So x* = x^, . . . , xj 
is a Ga ( Af )-regular sequence. Using [37TOl we get that S is the quotient filtration of 
3^. By 18.71 it follows that 3^ is a-adic up to a shift. 

(ii) =^ (i). By[3llG(,(Af*)isaMCMG„(A)-niodule. So h{N*, z) ^ h{M*, z). 
We also have h{N, z) = h{M, z). The result follows from[8Jl D 

Applications: 

Dual filtrations of Ulrich modules: 

Theorem 9.2. Let (A, m) he a Gorenstein local ring with Gm(^) Gorenstein. As- 
sume A has infinite residue field. Let r = red(A). Let M he a MCM A-viodule. 
The following conditions are equivalent: 

(i) Mr+t = m*M* for all i G Z. 
(ii) G(J,Af*)~G(M*)(-r). 
(iii) M is an Ulrich A-module. 



Proof. Ev il. 51 fi) and (ii) arc equivalent. 

(ii) =^ (iii) Notice a{M) =r = red(A). So M is Uhich; see lSUl 
(iii) =^ (ii) Let N = M/ji.M where x = xi, . . . ,Xd is a maximal superficial 
A-sequence. Notice N = fc'^o^*^). Set {B,n) = (A/(x),m/(x)). Notice N* = 
KouiBiN, B) = N since B is Gorenstein. Clearly h{N*,z) = eo{M) = z^h{M, z-^). 
So by[0 we get that G(5', M *) ^ G(M*) up to a shift; say t. 

Determining t: Since G{M) is Cohen-Macaulay, we may reduce to the zero- 
dimensional case, see 13.101 So M = fc^*^*^'' . In this case it is easy to show that 
G(J, M*) ^ G{M*){-r). Sot^r. ' D 

Dual filtration of non-Ulrich Modules having minimal multiplicity 

Remark 9.3. Let type(M) = Cohen-Macaulay-type of M = dimfe Ext^(fc, M). If 
AI has minimal multiplicity then t{M) > eo{M) — fJi{M). 

Proof : Let xi^. . . ,Xd be a maximal M-superficial sequence. Set N — Af/xM. 
Note that eo(M) = eo(iV) = i{N). Set (S,n) = (A/(x),m/(x)). Since M has 
minimal multiplicity we get n^N = 0. So nN C soc(7V). As Gn{N) = N/nN © 
nN/{0). So i{nN) = eo(iV) - fi{N) = ea{M) - fi{M). Since n^A^ = we get 
niV C soc{N). So eo(Af) - ^(A/) < e{soc{N)) = type(iV) = type(A/). 

Theorem 9.4. Let (A, m) he a Gorenstein local ring with an infinite residue field. 
Assume Gm{A) is Gorenstein. Let AL he a AdGAL A-module with minimal mul- 
tiplicity with respect to m and M is NOT Ulrich. The following conditions are 
equivalent: 

(i) type{AL) = eo{M)-^^{M). 

(ii) M* has minimal multiplicity and G{3^m, M*) ~ Gm(Af*) up to a shift. 
(iii) G(3^A/, M*) ~ Gm(A/*) up to a shift. 

Proof Set G = G„,{A), G{M) = G„,{A). 
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(i) =J> (ii). Since M has minimal multiplicity wc get that 

h{M, z) = ^l{M) + (eo(Af ) - ^l{M))z 

Notice M* is MCM. Let x — xi,...,Xd G m \ m^ be sufficiently general. Set 
(B,n) = (A/(x),m/(x)), N = M/xM. Also note that N* ^ M*/^M*. Since 
n^iV = 0, we get n^iV* = 0. So H{N*,z) = i^{N*) + £{nN*)z. By hypothesis 
it follows that n{N*) = type(7V) = type(M) = eo(M) - /x(M). Since £(A^*) = 
eo(iV*) = eo{N) = eo(Af) we get that 

h{N*,z) ^ (eo(M) - fJ.{M)) + ^i{M)z = zh{M, z''^). 

So byiHwe get G(5'm, M*) ^ G(M*) up to a shift. So G(M*) is Cohen-Macaulay 
(bylSH). Since N* = M*/xM* and TV* has minimal muhiplicity it follows that 
M* has minimal multiplicity. 

(ii) =^ (iii) is clear 

(iii) =^ (i) Using [O and EiH] it follows that h{M\ z) = zh{M, z^^). It follows 
that type(M) =eo(M) -/x(Af). D 

Associated graded module of the Canonical module 

9.5. Let {A,m) be Cohen-Macaulay local ring with a canonical module tj^. Let a 
be an m-primary ideal such that Ga{A) is Cohen-Macaulay. Let r = red(a, A). Let 
r^a be the canonical module of Ga{A). Let type(A) — i{F,xt'^A{A/m,A)) be the 
Cohen-Macaulay type of A. 

Theorem 9.6. [hypothesis as in \9.5^ Let x^ . . . ,Xd be a maximal A- superficial se- 
quence with respect to a. Set B — j4/(x) and b = a/(x). If h{ujB, z) = z^h{B, z~^) 
then Go(wa) is Cohen-Macaulay and isomorphic to 51a up to a shift. 

Proof. Notice that we may assume that A is complete. Let [i?, n, q, cf] be a Gorcn- 
stein approximation of [A,m, a] and assume that there exists yi, . . . ,yd G q such 
that (j){yi) ^ Xi ior i =^ 1, . . . , d. Then bv ll0.4l we get that that yl,. .. ,y*^ is Gq{R)- 
regular. Notice that uja — Homfl(yl, i?), i.e., the dual of the MCM i?-module A. 
The result follows from l9.1[ D 



Theorem 19.61 is quite practical as shown by the following: 
Example 9.7. Let A = Q[t", i^^^ ^23^ ^28^^33] ^^-^^ ^ ^ {t^^, . . . ,t^^). Set B = 
A/(t^^). By [H 1.1]; Gm{Am) is CM. Set R = Q[x,y,z,w]. Consider the natural 
map (j}-. R ^ A with 0(a;) = t^^ , . . . , (t){w) = t^^. Using MACAULAY we can 
compute q = ker0. Set S = R/q and n = {x,y,z,w). Also set T = S/{x). Using 
COCOA we get 

h{A,z)::^h{S,z)^l + 4:Z + 4:Z^ + 4:Z^ and /i(B, z) = /i(T, z) = 1 + 42 + 42^ + 42^ 

This proves that Gn{Sn) is CM and x* is Gn(S'n) -regular. (Notice this also proves 
Gm{Am) is CM and t^^* is Gm(^m)-regular). 

We consider R graded with dega; = 13,degj/ — 18, degz = 28 and degw = 33. 
Set D = Ext^(i?/(q -\-{x)),R). Note that 

Using MACAULAY we get that 

h{D, z)^A + Az + Az'^ + z^ = z^h{B, z~^) 
By 19.61 we get that G{uia^) is the canonical module of Gm(^m) up to a shift. 
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An easy consequence of 19. 61 is the following: 

Corollary 9.8. Let {A,m) be Cohen- Macaulay local ring with red(A) = 2. Then 
Gmi^A) — ^m(up to a shift) if and only if type(A) = eo(^) — hi{A) — 1. 

Proof Notice Gm(^) is CM; 21, 2.1]. Set h{A, z) = l + hiz + h2z'^ and e = eo(A) = 
eo{ujA)- 

(=>) This implies h{ujA,z) — z'^h(A,z^^). It follows that 

type(^) = n{uj) = h2 = eo{A) -hi -I. 

(<=) We may assume A has infinite residue field. Notice /12 = type(yl). Let 
X = xi, . . . , Xf, be a maximal superficial A-sequence. Set (i?,n.) — (A/(x),m/(x). 
Notice ijJb — ^a/{^)^a- Check that 

h{uJB, z) = type(S) + (e - type(B) - l)z + z^ = z'^h{A, z"^). 

The result follows from 19.61 D 



10. CI APPROXIMATION: THE GENERAL CASE 

In this section we prove our general result regarding complete intersection (CI) 
approximation; see 110.31 In 12.61 we showed that every m-primary ideal a in an 
equicharacteristic local ring A has a Cl-approximation. Even if we are interested 
only in the case of m-primary ideals; we have to take some care for dealing with 
the case of local rings with mixed characteristics. The essential point is to show 
existence of homogeneous regular sequences in certain graded ideals. We also prove a 
Lemma regarding lifting of superficial sequence along a Gorenstein approximation; 
see lTHil 

This section is divided into two subsections. In the first subsection R = 0„>o Rn 
be a standard graded algebra over a local ring {Rq , mo) . When R is Cohen-Macaulay 
and M = ®„>o Mn is a finitely generated graded -R-module generated by elements 
in Mq, we give conditions to ensure a regular sequence £,1, ■ ■ ■ ,^c G R+ H ann^^ M 
where c = dim_R — dimM (see Theorem I10.2[) . In the second subsection we prove 
Theorem [inSl 

Homogeneous regular sequence 

Let R — ®„>o Rn be a standard algebra over a local ring (_Roj tiq) and let M = 
®n>o -^^" ^^ ^ finitely generated graded i?-module. In general a graded module M 
need not have homogeneous regular sequence ^1 , . . . , ^c G R+ H anui,: M where c = 
grade M f see 110.1]) . When R is Cohen-Macaulay and M — ®„>o Mn is a finitely 
generated graded i?-module generated by elements in Mq, we give conditions to 
ensure a regular sequence ^1 , . . . , ^c G R+ n anufl, M where c = dim R — dim M. 

We adapt an example from [51 p. 34] to show that a homogeneous regular se- 
quence of length grade Af in i?+ H annjj M need not exist. 

Example 10.1. Let A = k[[X]] and T = A[Y]. Set R = T/{XY). Notice that 
Ra = A. Set 9Jl = {X,Y)R the unique graded maximal ideal of R and let M = 
R/dJl = k. Clearly grade M = grade(OT, i?) = 1. It can be easily checked that 
every homogeneous element in _R_|_ is a zero-divisor. 

The following result regarding existence of homogeneous regular sequence in 
(annM) n R+ (under certain conditions) is crucial in our proof of Theorem 110.31 
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Theorem 10.2. Let (i?o,tTio) be a local ring and let R = ®„>o ^n be a standard 
graded RQ-algebra and let M = ®„>o M^ be a finitely generated R-module. Assume 
R has a homogeneous s.o.p. Set c — dimi? — dim A/. Assume 

(1) Rq is Cohen- Macaulay and R is Cohen- Macaulay. 

(2) M is generated as an R-module by some elements in Mq. 

(3) There exists yi, . . . ,ys G Rq a system of parameters for both Mq and Ro and 
a part of a homogeneous system of parameters for both M and R. 

Then there exists a homogeneous regular sequence Ci, ■ • ■ ,^c G R+ such that ^i G 
ann/j M for each i. 

Proof. We prove this by induction on s = dinii?o- When s ^ Rq is Artinian. So 
grade(ann Af, R) — grade(annMni?+, R). As R is CM we have grade(annA/, R) — 
c. The result follows from [U 1.5.11]. 

We prove the assertion for s = r + I assuming it to be valid for s — r. Set 
S = R/yiR = 0„>o Sn and N = M/yiM. Note that TV is also generated in degree 
0. Let y^l — y^ mod (j/i) with 2 < * ^ s- Then y2 . . . yj is a system of parameters 
for both Sq and Nq = Mo/yiM. Notice c = dim R - dim M = dim 5* - dim N. Also 
note that S has h. s.o.p. By induction hypothesis there exists a S'-regular sequence 
^1, . . . , ^c G 5*+ such that £,i e ann^ N for each i. 

R is CM. So yi is _R- regular. Therefore j/i, ^i, ^2 • ■ ■ , Cc is an i?-regular sequence. 
Set q = yiR+. Let M be generated as an i?-module by ui,...,u„i e Mq. Fix 
i € {1, . . . , c} and set ^ = £,i. By construction S^Uj G yiM for each j. However 
£, G R+ and yi ^ Rq . So £,Uj G qM for each j. By the determinant trick (observing 
that each Uj has degree zero) there exists a homogeneous polynomial 

A(^) = ^" + aiC"""^ + . . . + a„_i^ + On G annji M and a^ G q' for z = 1, . . . , n. 

Clearly A(^) G R+. Notice that A(^) = ^ mod (yi). So yi, A(^i), . . . , A(^c) 
is a regular sequence, [n] 16.1]. Therefore A(^i), A(^2) ■ • ■ , A(^c) is an i?-regular 
sequence. This proves the assertion when s = r + I. D 

CI approximation 

In this subsection we prove our general result regarding Cl-approximation. 

Theorem 10.3. Let (A.m) be a complete local ring and let a he a proper ideal in 
A with dim A/ a + s{a) = dim A. Then A has a CI- approximation with respect to a. 
Furthermore if a = (xi, . . . , Xm) then we may choose a Cl-approximation [B, n, b, ip] 
of [A, m, a] such that there exists ui, . . . , Um G b with ip{ui) — Xi for i = 1, . . . ,m. 

Proof. Notice Ga{A) has a homogeneous s.o.p (see proof of Proposition 2.6 in [6J). 
Let 2/1, . . . , j/s & A such that yT, . . . , yj (their images in A/ a ) is an s.o.p of A/ a. 

Case 1. A contains a field: As A is a complete A contains k — A/m. Set 
S = k[[Yi, . . . ,Ys,Xi, . . . , Xn]]. Define (p: S ^ A which maps Yi to yi and Xj to 
Xj for i — 1, . . . ,s and j — 1, . . . ,n. Set q = (Yi, . . . , Yg). Notice 

A A 

- — — ~ has finite length. 

{q,Xi,...,Xn)A {a,yi,...,ys) 

As S is complete we get that A is a finitely generated 5'- module, cf. [TTl 8.4]. Since 
tp{{X.))A — a, we get Ga{A) — G(x)(^) is a finitely generated G(x)('S')-module. 

Notice G(x)(-S') ^ S/(X.)[Xl, ...,X*] and S/{X) ^ k[\Yi, . . . ,Y,\]. Furthermore 
G(x)(^) = Ga{A) is generated in degree zero as a G(x) ('5')-module. Set c = 
dim 5' — dim A = dimG(x)(<S') — dim Ga (A). Notice that Yi,. . . ,Ys is a s.o.p of 



30 TONY J. PUTHENPURAKAL 



G(x)('S')o and Ga(A)o. We apply Theorem [10.21 to get 6, . . . ,Cc e (X) such that 
^i,- ■ ■ ,£,* G G(x)(5')+ is a regular sequence in G(x)('5') and £,* G annGj^j(s) Ga(A) 
for all i. We now apply Lemma [2.11 to get ui, . . . ,Uc £ (X) an S'-regular sequence 
in ann5(A) such that ul, ... ,u* is a. G(x) (S')-regular sequence in ann^ (5) Ga{A). 
Set u — (ui, . . . , Uc), B = 5/u, b = (X + u)/u. Let n be the maximal ideal in 
B and let (f) : B —^ A he the map induced hy (f): S ^ A. Then it is clear that 
(-B, n, b, 0) is a CI approximation of A with respect to a. 

Case 2. A does not contain a field: There exists a DVR (£>, tt) and a local ring 
homomorphism 77: Z? — > A such that 77 induces an isomorphism D/Itt) —>■ A/m. 
Set S = D[\Yi, ...,Ys,Xi,.. . ,X„|]. Define (/>: S ^ A, with (/)(d) = 77(d) for each 
d E D and maps Yi to 7/i and Xj to Xj for i = 1, . . . , s and j = 1, . . . , n. Set 
q = {Yi,...,Ys). Notice 

j4 a 

— - = has finite length. 

{q,Xi,...,Xn)A (a,yi,...,ys) 

As S is complete we get that A is a finitely generated 5-niodule. 

Set T = 5/(X) = Gx(S')o. Notice dimT is one more than that of A/a = Ga(A)o. 
To deal with this situation we use an argument from '19], which we repeat for the 
convenience of the reader. Let t be the maximal ideal of T. Set Yi = image of Yi 
in T. Set V = A/a. Note that 



t = ^^ nnnTiV/YV) = Y^annT(y) + (Y). 

So there exists / e annT(l^) \ (Y) such that /, Yi, . . . ,ys is an s.o.p. of T. Since 
T is CM; f,Yi, . . . ,Ys is a T-regular sequence. So Xi, . . . , X„, /, Yi, . . . , Ys is a 
5'-regular sequence. Since / G anuTiA/a) we get /A C aA = (X)A. Using the 
determinant trick there exists 

A = /™ + ai/™"^ + . . . + a,„-i/ + a,n e anng A kat € {Xf; I < i < m. 

Notice that A = /™ mod(X). Thus Xi, . . . , X„, A, Yi, . . . , K, is a ^-regular se- 
quence. So A is S'-regular. Set U = S/{A) and c = ((X) + (A))/(A). No- 
tice that j4 is a finitely generated [/-module and Gc{A) — Ga{A). Furthermore 
Gc(t/)^T/(/™)[Xi*,...,X*]isCL 

Note that as a GdU) module Ga{A) is generated in degree zero. Furthermore 
dimGc(C/)o = dimGa(A)o. Set c = dimC/ - dimyl = dimGc(C/) - dimGa(A). The 
subsequent argument is similar to that of Case 1. D 



The following result is needed for Theorem 19.61 

Lemma 10.4. Let (A, m) be a complete Cohen- Macaulay local ring of dimension d 
and let a — {xi, . . . , Xd, Wi, . . . , Wg) he a xn-primary ideal. Assume that xi, . . . ,Xd is 
an A-superficial sequence. Let [B, n, b, cj)] be a Gorenstein approximation of [A, m, a] 
and assume that there exists Vi, . . . ,Vd G b with (t>{vi) — Xi for i = I, . . . ,d. Then 
vl, . . . ,v*i is Gb {B)-regular. 

Proof. The proof of Theorem 110.31 shows that there exists a Cohen-Macaulay local 
ring {R, rf) of dimension d+s, an 77-primary ideal and a ring homomorphism ijj: R ^ 
A such that 

(1) A is a finitely generated as a i?-module (via ip). 

(2) (a) In the equicharacteristic case R = fc[[Vi, . . . , Vd, Wi, . . . , Ws]]. 
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(b) In the mixed characteristic case R — D/{f)[[Vi, . . . ,Vd,Wi, . . . , Ws]] with 
{D,n) aDVRand / G (H). 

(3) In both cases q — (Vi, . . . ,Vd, Wi, . . . , Ws), ipiVi) — Xi ioi i = 1, . . . ,d and 
*(Wi) = w, for i = 1, . . . , s. Notice Gc,(i?) = k[V{, ..., V^*, W^, ..., W^] in 
the equicharacteristic case and Gq{R) = D/{f)[V{, . . . , V^,Wi, . . . , W*] in the 
mixed characteristic case. 

(4) Set c = dimi? — dim A. We then choose wi, . . . , Uc G q such that 

(a) ui, . . . ,Uc G ann_R.4 and u^;, . . . ,u* £ a.niic^(R) GaiA) 

(b) li^, . . . , u* is Gq(i?)-regular. In particular ui, . . . ,Uc is _R- regular 

(5) B = R/iu), b = q/{u) and = V «) i?/(u). Notice Gt,(B) = Gq(i?)/(u*). Set 
Vi = image of Vi in B. 

Notice that V = Fj^*, . . . , V^;* is a Gq(-R)-regular-sequence. Furthermore V is a sys- 
tem of parameters oiGa{A). Set T = Gq{R)/ anriQ (j^) Ga{A). Note that Ga{A) is 
a faithful T-module. So T embeds into finitely many copies of Ga{A). In particular 
V is a system of parameters of T; see [2 4.7.1] for proof of an analogous statement. 
Notice G(,(B) is a quotient of T and dimT — dimGb(i3). Thus V (and so 
vl, . . . , w^) is a system of parameters for G\,{B). Since Gi,{B) is CM it follows that 
vl, . . . ,v'^ is a Gb(-B)-regular sequence. D 

11. Dual Filtrations mod a superficial sequence 

The behavior of Dual filtrations mod a superficial sequence is a crucial result in 
our paper. Unfortunately the proof is technical and unappealing. 

11.1. Setup: Let {A, m) be Gorenstein, a-equimultiple with Ga{A) Gorenstein and 
let M be a MGM A- module. We assume A/m is an infinite field. Let k = xi, . . . ,Xr 
he a. M ^ A superficial sequence with respect to a. Set B = A/{k), b = a/(X) and 
N = M/xM. The natural map Ga{A)/{x*) -^ G^iB) is an isomorphism. Set 

3^M = {HomA(M, a")}„g2 and 3^n = {HomB(^, n")}„g2 ■ 
A natural question is when is 

G(?A./,Af* 



x*G{Jm,M*) 



^G{Jn,N*). 



Theorem II 1.5^ 2) asserts that this is so when Ga{M) is Cohen-Macaulay. 
Some Natural Maps: 

11.2. The natural maps HomA(Af, a") — > Homs(A^, b") induces a map of 5ia{A)- 
modules 

(11.2.1) rf : niS'M, M*) -^ n{3'N,N*). 

Set q = {xit,...Xrt). Clearly qUi^M^M*) C kerF*^. Since JiaiA) is Cohen- 
Macaulay, we have Jia{A) / q^a{A) — 'Jit,{B). So we have a map 3?b(i3)-modules 

11.3. The map 111. 2TT] induces a map of Go (A) -modules 
(11.3.1) ef : G{Jm,M*) — > G(Jjv, N*). 
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Clearly x*G{9m,M*) C ker6*^. So we have a map Gt,(-B)-modules 



"" ' yi*G{JM,M*) 
11.4. The natural map 3ia(^) ^ 3?b(S) induces a natural map of 3?a(A)-modules 



n 



M . 



Rom^^f^A){n{a,M),3la{A)) -^ Romn,iB){n{b, N),5l,{B)). 



Clearly q ( *Homg^„(^)(7e(a, M), 3?„(A))) C kerHf . 

Theorem 11.5. [with assumptions as in lll.lf If G^iM) is Cohen- Macaulay then 

(1) r*^ is an isomorphism of ^i,{B) -modules. 

(2) Q^^ is an isomorphism of Gb{B) -modules. 

It suffices to prove for r = 1 case. Clearly if F*^ is an isomorphism then 8*^ is 
an isomorphism. The following observation enables us to analyze the case r = 1. 

Observation 11.6. Let a; £ a. We have a commutative diagram of 3?a(A)-modules 



n{3^M,M* 



*Hom(7^(a,M),^la(A)) 



-^7^(?^^,iV*) 



*Hom(7^(b,iV),3?^,(S)) 



Here ^m is as in 13.31 Notice that bv 13.41 '^m and ^jv are isomorphisms. 



Remark 11.7. It is convenient to look at lll.Gl in the following way: 
1. Bv 111. 2. 1] and [Tl. 2. 21 we have a complex of 3ln(A)-modules: 



C: 



r 



2. Set 7^(A/) = TZ{a, M), 7^ = "JiaiA) and 7^ = 3?e,(-B)- Ev fTOl we have a complex 
V of 3?a(A)-modules: 



0^ *Hom7^(7^(M),7^)(-l) ^ *Hom7^(7^(M), 7^) 



'■Hom7^(7e(A^),7e) ^ 0. 



3. We consider C,2? as co-chain complexes starting at 0; i.e., 

C: 0-^C" ->C^ -^C^ ->0 & V: ^ 2?" -> P^ ^ P^ ^ 0. 

4. Bv lll.61 it follows that we have chain map of complexes of !K|j(A)-modules 

S: C — >V 

with S* an isomorphism for i = 0, 1, 2. 

5. It can be easily verified that C is exact if and only if T) is exact. 



Proof of Theorem \11.5\ It suffices to prove for r — 1. Notice that (1) =^ (2). 

(1) By assumption x is Af A-superficial. Set u — xt € 3la(A)i. Since Ga{A) 
is Cohen-Macaulay we have a;* is Ga (A)-regular. So u is 3la(j4)-regular. It is 
clear that 3ia{A)/u5l^{A) = %{B). Set n{M) = n{a,M), Tl = Jla{A). Also set 
TZ = ^b{B) and TZ{N) = TZ{b, M). Since x is M-superficial we have an isomorphism 
'dM-. 7^(M)/^(7^(M) ^ 7^(iV). The exact sequence 



^(-1) 



n-^n 
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yields an exact sequence of 7?.-niodules 

0^ *Honl7^(7^(A/),7^)(-l) ^ *Hom7^(7^(Af),7^) ^^ *Hom(7e(M),^) 

-^ *Ex4(7^(^f),7^)(-l) ^ ••• 

Since 7^ is Gorenstein and TZ{M) is a MCM 7^- module we get *Ext^(7^(Af ), 7^) = 
0. Also notice that *Hom7^(7^(Af),^) = *Hom:^(7e(M)/'u7e(M),^). Further- 
more the isomorphism -dM induces an isomorphism 

i^M- *Hom:j^(7^(Af)/M7^(Af),^) ^ *Hom:j^(7^(iV),^). 

It can be easily checked that vm ° pM = H*^. 

Therefore the complex V in lll.71 2 is exact. Bv lll.71 5 we get that the complex 
C in fTTTl l is exact. Thus Vf is onto and ker Tf = uTZi^M, M). Therefore Vf is 
an isomorphism. D 

Acknowledgments: I thank Lucho Avramov, Juergen Herzog, Srikanth Iyengar 
and Jugal Verma for many useful discussions on the subject of this paper. 
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